Abstract. In [3] , a conformal gap theorem for Bach-flat metrics with round sphere as model case was established. In this article, we extend this result to prove conformally invariant gap theorems for Bach-flat 4-manifolds with (CP 2 , g F S ) and (S 2 × S 2 , g prod ) as model cases. An iteration argument plays an important role in the case of (CP 2 , g F S ) and the convergence theory of Bach-flat metrics is of particular importance in the case of (S 2 × S 2 , g prod ).
Introduction
In [4] , the author with S.-Y. A. Chang and M. Gursky introduced a conformal invariant β(M, [g]) and a smooth invariant β(M ) on a closed, compact Riemannian four-manifold (M 4 , g). These quantities have played a crucial role in the study of conformal geometry in four dimensions; see [2] [4] . For Riemannian four-manifolds, Bach-flatness is a conformal condition which can be viewed as a generalization of being Einstein. In [3] , a conformal gap theorem for Bach-flat manifolds was proved and its proof was further simplified in [8] . The aim of this theorem was to characterize the round sphere with conformally invariant conditions. In this article, we generalize this theorem to characterize canonical metrics on CP 2 and S 2 × S 2 in a conformally invariant way. We begin our discussion by recalling some definitions and settling down our notations.
Suppose (M 4 , g) is a smooth, closed, compact, Riemannian four-manifold. We denote by Rm the curvature tensor, W the Weyl tensor, Ric the Ricci tenor, R the scalar curvature respectively. We have the well-known decomposition of curvature tensor:
(1.1)
where ∧ is the Kulkarni-Nomizu product and P is the Schouten tensor defined as
With (1.1), we can write Chern-Gauss-Bonnet formula in four dimensions as
where
• ||·|| is the norm of Weyl tensor viewed as an endomorphism on the bundle of two-forms. There is another norm |·| of Weyl tensor viewed as a four-tensor.
The relation between them is given by
• g −1 P is the (1, 1)-tensor from "raising" the subscript of P by contraction with the metric g and σ 2 (g −1 P ) is the second elementary symmetric polynomials applied to the eigenvalues of g −1 P viewed as a matrix. For the sake of simplicity, we will write σ 2 (P ) in place of σ 2 (g −1 P ).
Given a Riemannian manifold (M n , g) of dimension n ≥ 3, let [g] denote the equivalence class of metrics pointwise conformal to g, and Y (M n , [g]) denote the Yamabe invariant:
Rg dvg.
Recall the following definitions from [4] :
can be computed for many Einstein metrics. For example,
In [3] , the following conformal gap theorem was proved. See also [8] .
where g c is the round metric.
Theorem 1.1 has the following corollary.
This corollary shows that if we have some topological restriction (b 2 (M ) = 0) on the manifold, then the only Bach-flat metric which is sufficiently close to the round metric in terms of the size of β(M 
, where g F S is the Fubini-Study metric.
Theorem B. Suppose (M 4 , g) is an oriented, closed, compact Bach-flat manifold and b
where g prod is the standard product metric.
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Preliminaries
In this section, we recall some basic definitions and collect several preliminary results which will be used throughout this paper.
In four dimensions, the Bach curvature tensor is defined as follows:
The Bach tensor is trace-free, divergence-free and conformally invariant. It then follows from the conformal invariance that the Bach-flat condition B ij = 0 is also conformally invariant. Recall that Bach tensor is the gradient of the Weyl functional g → ||W || 2 dv and Bach-flat metrics are critical points of Weyl functional. Hence, self-dual metrics are Bach-flat since they achieve (global) minimum of Weyl functional. By using Bianchi identities, Bach-tensor can be rewritten as:
where
g ij is the trace-free Ricci tensor. It is clear from (2.2) that Einstein metrics are Bach-flat.
The following two Weitzenböck identities proved in [1] [2] are of fundamental importance for our discussion.
where trE 3 = E ij E ik E jk , and
The convergence theory of Bach-flat metrics has been developed by Gang Tian and Jeff Viaclovsky in [12] [13] . The most important ingredients are the following ǫ-regularity theorem and volume estimate. 
Theorem 2.3. Let (X, g) be a complete, non-compact, 4-manifold with base point p, and let r(x) = d(p, x), for x ∈ X. Assume that there exists a constant v 0 > 0 such that
holds for all q ∈ X, assume furthermore that as r → ∞,
where S(r) = ∂B r (p). Assume that the first Betti number
is an ALE space, and there exists a constant v 1 (depending on (X,g)) so that
The last lemma in this section enables us to distinguish Euclidean space from complete non-compact Ricci flat Riemannian manifolds via comparison of the Yamabe constant. It was proved by Gang Li, Jie Qing and Yuguang Shi in [8] .
2 . Remark 2.5. This lemma shows that there is a gap phenomenon for the Yamabe constant for non-compact Ricci flat Riemannian manifold.
Modified Yamabe Metric
In the proofs of main theorems, a variant of Yamabe metric will play a crucial role. In this section, we recall basic properties of this modified Yamabe metric introduced by Matthew Gursky in [6] .
Let (M 4 , g) be a Riemannian four-manifold. Define
L g is a variant of conformal Laplacian that satisfies the following conformal transformation law:
. In analogy to the Yamabe problem, we define the functional
, and the associated conformal invariant
.
By the conformal transformation law of L g , the functional u → Y g [u] is equivalent to the Riemannian functional
The motivation for introducing this invariant is explained in the following result (see Theorem The following lemma has been established in [4] . 
Furthermore, equality is achieved if and only if F
whereR gm = R gm dv gm / dv gm .
We now prove a similar lemma under the pinching condition of Theorem B. 
,
Proof. From Corollary F of [5] , g ∈ Y
. Then Chern-Gauss-Bonnet and signature formulas imply
From (3.20)(3.21)(3.22), we solve (3.23)
We first show that b σ 2 (P )dv = 8π
With same argument from the proof of Lemma 2.7 in [4] , we derive
Now we have proved (3.17)(3.18). Note that these two inequalities are conformally invariant. We now choose the modified Yamabe metric g m ∈ [g] and Theorem 3.1 implies
From (3.24)(3.26) we easily derive (3.19). 
where µ ≥ 0 is a constant on the manifold and µ → 0 and c(ǫ 1 ) → 0 as ǫ 1 → 0. Note thatR is also bounded since the volume is normalized to be one. We first state an algebraic lemma.
Lemma 4.1.
Proof. This lemma is probably known in the work of [2] [4]. Here we only sketch the proof of this inequality. Recall the well-known decomposition of Singer-Thorpe:
Id Note the compositions satisfy
, and let λ 
From Lemma 6 of [9] , we have
For a trace-free 3 × 3 matrix A, we have the sharp inequality:
Apply (4.6) to A = diag(λ
Combining (4.5) and (4.7), we derive the desired inequality.
The basic estimates are from Cauchy-Schwartz inequality:
Now apply conformally invariant Sobolev inequality
. We obtain
(4.13)
Since R − 2 √ 6||W + || = −µ is a constant, we have isometric to (S 2 × S 2 , g prod ). Recall that (S 2 × S 2 , g prod ) is Bach-rigid in the sense that the metric is an isolated Bach-flat metric (see Theorem 7.13 of [7] ). It follows that (M 4 j , (g Y ) j ) must be conformally equivalent to (S 2 × S 2 , g prod ) for sufficiently large j, which is a contradiction. Therefore, we have proved Theorem B.
Remark 4.2. It is not hard to see that we may prove Theorem A with similar argument as we did in the proof of Theorem B. The current proof of Theorem A has two advantages: first, it avoids making use of the sophisticated general theory of convergence for Bach-flat metrics; second, it is possible to compute a numerical constant of ǫ 1 if we track the coefficients carefully. 
